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Abstract 

It is shown that all strongly symmetric elements are solutions of constant clas- 
sical Yang-Baxter equation in Lie algebra, or of quantum Yang-Baxter equation in 
algebra. Otherwise, all solutions of constant classical Yang-Baxter equation (CYBE) 
in Lie algebra L with dim L < 3 over field k of characteristic 2 are obtained 



Introduction 

The Yang-Baxter equation first came up in a paper by Yang as factorition condition of the 
scattering S-matrix in the many-body problem in one dimension and in work of Baxter on 
exactly solvable models in statistical mechanics. It has been playing an important role in 
mathematics and physics ( see [1] , [9] ). Attempts to find solutions of The Yang-Baxter 
equation in a systematic way have led to the theory of quantum groups. The Yang-Baxter 
equation is of many forms. The classical Yang-Baxter equation and quantum Yang-Baxter 
equation are two kinds of them. 

In many applications one need to know the solutions of the two equations. The author 
in [10] systematically studied the solutions of low dimensional Lie algebras, found strongly 
symmetric elements and shew that all of them are solutions of CYBE. Naturally, we would 
like to ask the following questions: 

(1) Is every strongly element in L £g> L a solution of CYBE for any dimensional Lie 
algebra L? 

(2) Do the conclusions in (BI2494R) hold for field of characteristic 2 ? 
*This work is supported by National Science Foundation 



(3) Is every strongly symmetric element in A ® A a solution of QYBE for any algebra 

A! 

The resolution of these questions is very necessary for not only physics but also math- 
ematics. 

To answer these questions, the author write the paper. In this paper, the author 
shows that all strongly symmetric elements are solutions of constant classical Yang-Baxter 
equation in Lie algebra, or of quantum Yang-Baxter equation in algebra. Otherwise, to 
bring the paper [10] completion, the author find all solutions of CYBE in Lie algebra L 
with dim L < 3 over field k of characteristic 2. 

Let A; be a field and L be a Lie algebra over k. If r = YJ aj <g> bi G L <g> L and x G L, 
we define 

:= ^[a i5 aj] ® h <g) bj 
:= a 'i ® [h, aj] <g> ft, 
:= o, <g> % <g> [bi, bj] 

and call 

[r 12 ,r 13 ] + [r 12 ,r 23 ] + [r 13 ,r 23 ]=0 

the classical Yang-Baxter equation (CYBE). 

Let A be an algebra and R = YJ a; <8> b { G A <8> A. We define 

# 12 = ^ aj <g> <g> 1 

j 

i 

R 23 = 51 1 ® a * ® ^ 

i 

and call 

pl2 pl3 p23 _ p23 pl3 pl2 
it it it — ft It It 

the quantum Yang-Baxter equation (QYBE). 

1 Strongly symmetric elements 

In this section, we show that all strongly symmetric elements are solutions of constant 
classical Yang-Baxter equation in Lie algebra, or of quantum Yang-Baxter equation in 
algebra. 




42 23 
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Definition 1.1 Let {e^ | i G fl} be a basis of vector space V and r = Y^ij^n hj( e i ® 
Cj) G V <S> V, where kij G k, 
If 

kij kji kijk[ m knkj m 
for i,j, l,m G fl then r is called strongly symmetric to the basis {e^ | i G fl} 

Obviously, symmetry does not depend on the particular choice of basis of V . We need 
to know if strong symmetry depends on the particular choice of basis of V. 

Lemma 1.2 Let {ej | i G fl} be a basis of vector space V and r = J^ij^u kijfe <8> e 3 -) G 
V <S>V, where k^ G k. Then 

(I) The strong symmetry does not depend on the particular choice of basis ofV; 

(II) r is strongly symmetric iff 



kijk[ m kuk^ 



for any i, j, l,m G fl 

(III) r is strongly symmetric iff 



kijki< m k s ik uv 



where {s, t, u, v} is a combination of {i, j, I, m} for any i, j, l,m G fl 
(IV) r is strongly symmetric iff 
r = 0; or 

r = Eijen k m k iojK io( e i ® e i) e V ® V > where ^ °5 

Proof. (I) Let {e- | i G fl'} be another basis of V It is sufficient to show that r is 
strongly symmetric to the basis \e\ \ i G fl'}. Obviously, there exists G /c such that 
ej = Ys e ' s 1si for i G fl. By computation, we have that 

r = ( 2 hjq S iqtj)(e' s e' t ). 
s,teci i,jew 

If set /c^ = kijq S iq t j, then for /, m,u,v G fl' we have that 

k lm k uv = 51 kijkstQliQmjQusQvt 
i,j,s,t 

= ^is^jtQuQmjQusQut ( by kijk st = ki S kj t ) 

i,j,s,t 



- h' y 



and 
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which implies that r is strongly symmetric to the basis {e^ | i G 0'} 

(II) The necessity is obvious. Now we sufficiency For any i,j G fi, if ku 7^ 0, then 

(III) The sufficiency follows from part (II). Now we show the necessity. For any 
l,m G f2, we see that kijki m = kijkml = kukjm = kukmj = ki m klj = ki m klj 
Similarly we can get that kijki m = k st k uv when s = j or s = I or s = m. 

(IV) If r is a case in part (IV), then r is strongly symmetric by straightforward 
verification. Conversely, if r is strongly symmetric and r ^ 0, then there exists io G Vt 
such that k ioio ^ 0. Thus % = k ioi k ioj k~l □ 

If A is an algebra then we can get a Lie algebra L(A) by defining [x, y] = xy — yx for 
any x, y G A. 

Theorem 1.3 Let A be an algebra and r E A® A be strongly symmetric. Then r is a 
solution of CYBE in L(A) and of QYBE in A. 

Proof. Let {ej | i G f2} be a basis of A and the multiplication of A be defined as follows: 

m 

for any i,j<EQ 

We first show that r is a solution of CYBE in Lie algebra L(A). By computation, for 
all I G fi, we have that the coefficient of ® ej <g> e/ in [r 12 , r 13 ] is 

~^^a st k s jkti — a\ s k s jkti 

St 

= a ltksjk u - a lt k tjk s i 

s,t s,t 

= by Lemma 1.2 (III) 

Similarly, we have that the coefficients of e« <g> <g> e/ in [r 12 ,r 23 ] and [r 13 ,r 23 ] are zero. 
Thus r is a solution of CYBE in L(A). 

Next we show that r is a solution of QYBE in algebra A. We denote r by R since the 
solution of QYBE is usually donoted by R. 

By computation, for all i,j, I G Q, we have that the coefficient of <g> tj <S> ei in 
R 12 R 13 R 23 is 

^ a st a um a vw k suktvk m w 
s,t,u,v,w,m 

and the coefficient of <g> ej <g> e/ in R 23 R 13 R 12 is 

^ a tin a iw a uv^suktvk m w 
s,t,u,v,w,m 

= J2 a lt a lm al vw k suk t vk mw by Lemma 1.2 (III) 



Thus r is a solution of QYBE in algebra A. □ 
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Corollary 1.4 Let L be a Lie algebra and r G L <g> L be strongly symmetric. Then r 
is a solution of CYBE. 



Proof: Let A denote the unversal enveloping algebra of L . It is clear that r is also 
strongly symmetric in A ® A. Thus 



[ r 12 )r 13 ] + [r 12 )r 23 ] + [r 13 )r 23 ]=0 

by Theorem 1.3 . Consequently, r is a solution of CYBE in L. □ 



2 The solutions of CYBE 

In this section, we find the general solution of CYBE for Lie algebra L over field k of 
characteristic 2 with dim L < 3. Throughtout this section, the characteristic of A; is 2. 

Proposition 2.1 Let L be a Lie algebra with dim L = 2. Then r is a solution of 
CYBE iff r is symmetric. 

Proof. It is not hard since the tensor r has only 4 coefficients. □ 

If r = x(e 1 <g> ei) + y(e 2 <8> e 2 ) + ^(e 3 <g> e 3 ) +p(ei ®e 2 ) + p(e 2 <8> ei) +s(ei ® e 3 ) + s(e 3 <g> 
ei) + w(e 2 <S> e 3 ) + it(e 3 £g> e 2 ) with cm/z + + xy + (3s 2 + au 2 + p 2 = 0, then r is called 
a, /^-symmetric to the basis {ei, e 2 , e 3 }. 

Proposition 2.2 Lei L be a Lie algebra with a basis {ei,e 2 ,e 3 } such that [ei,e 2 ] = 
e 3) [ e 2i e 3 ] = ae±, [e 3 , ei] = /3e 2; where a, (3 E k. Let p, q, s, t, u, v, x,y, z G fc. 

TTien (7j r is a solution of CYBE in L iff r is a, [3- symmetric to the basis {e l5 e 2 , e 3 }. 
(II) If r is strongly symmetric, then r is a solution of CYBE in L 

Proof . Let r = Sfj=i hj(^i ® Cj) E L ® L and h L j G k, with i,j = 1, 2, 3. It is clear 
that 

3 3 

= Y kijk s t[ei, e s \ <g> ej <g) e t 

i,j=l s,t=l 
3 3 

= 51 X! hjkstCi <S> [ej, e s ] <g) e t 

i j'=l s,t=l 
3 3 

= H fcij^stej <8> e s ® [e i5 e t ] 

i,j=l s,t=l 

By computation, for all n = 1,2,3, we have that the coefficient of tj ® ti® ti in 
[r 12 , r 13 ] is zero and e; ® <g> in [r 13 , r 23 ] is zero. 
We now see the coefficient of e,i <g> e,- ® e n 
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Ill 1^^"^ ^>13j j |^>12 ^>23j j |^13 ^23J 

(1) ei g) e 1 g) ei(a/ci 2 A:3i - "^13^21) 

(2) e 2 ®e 2 ® e 2 (-f3k 21 k 32 + (3k 23 k 12 ) 

(3) e 3 (g e 3 <g e 3 (A;3iA;23 - ^32^13) 

(4) d <g e 2 <g e 3 (ak 22 k 33 - ak 32 k 23 - f3k u k 33 + f3ki 3 ki 3 + fcnfc 2 2 - k 12 k 2 i) 

(5) e 2 <g e 3 <g ei(^fc33fcn - (3k 13 k 31 - k 22 k u + k 21 k 21 + ak 22 k 33 - ak 23 k 32 ) 

(6) e 3 ® ei ® e 2 0nA; 22 - k 21 k 12 - ak 33 k 22 + ak 32 k 32 + (3k 33 k u - (3k 31 k 13 ) 

(7) ei <g> e 3 <g> e 2 (-ak 33 k 22 + ak 23 k 32 + fcnfc 2 2 - &12&12 - f3kuk 33 + (3ki 3 k 3 i) 

(8) e 3 (g) e 2 (g ei(— ^22^11 + £:i 2 £: 2 i + (3k 33 ku - f3k 31 k 31 - ak 33 k 22 + a£;3 2 fc 2 3) 

(9) e 2 <g e x <g e 3 (-/3A; 11 fc33 + f3k 31 k 13 + ak 22 k 33 - ak 23 k 23 - k 22 k u + k 21 k 12 ) 

(10) ei (g) ei (g) e 2 (-ak 3l k 22 + ak 2l k 32 + ak 12 k 32 - ak 13 k 22 ) 

(11) e 2 (g ei <g> ei(-ak 23 k 2 i + ak 22 k 3 \ + ak 22 k 13 - ak 23 k 12 ) 

(12) ei <g ei (g e 3 (aA; 2 iA;33 - ak 3l k 23 + ak 12 k 33 - ak 13 k 23 ) 

(13) e 3 (g ei (g ei(aA/3 2 fc 3 i - ak 33 k 2 i + ak 32 k l3 - ak 33 k 12 ) 

(14) e 2 (g e 2 (g ei(-/?/ci 2 A;3i + (3k 32 k u + f3k 23 k u - f3k 2l k 31 ) 

(15) ei (g e 2 <g e 2 (-/3kuk 32 + j3k 13 k 12 - (3k u k 23 + (3k l3 k 21 ) 

(16) e 2 <g e 2 (g e 3 (f3k 32 k 13 - [3ki 2 k 33 - j3k 21 k 33 + (3k 23 k 13 ) 

(17) e 3 (g e 2 (g e 2 (-(3k 31 k 32 + (3k 33 ku + (3k 33 k 21 - (3k 31 k 23 ) 

(18) e 3 (g e 3 (g ei(fci 3 fc 2 i - ^23^11 + k 31 k 21 - k 32 k n ) 

(19) e 3 (g e 3 (g e 2 (-k 23 k 12 + k 13 k 22 - k 32 k 12 + k 3l k 22 ) 

(20) e 2 (g e 3 (g e 3 (k 21 k 23 - A; 22 fci 3 + £^32 - &22&31) 

(21) ei (g e 3 (g e 3 (-A; 12 A;i3 + hik 23 - k l2 k 3l + kuk 32 ) 

(22) ei (g e 3 (g e^a^^i - ak 33 k 21 - fci 2 fcn + fcnfc 2 i + ak 12 k 33 - ak 13 k 32 ) 

(23) ei (g e 2 (g e^-aA^A^i + ak 22 k 31 - (3kuk 31 + 0k 13 ku - ak 13 k 22 + ak 12 k 23 ) 

(24) e 2 (g e x (g e 2 ([3k 31 k 12 - (ik xl k 32 + ak 22 k 32 - ak 23 k 22 - (3k 21 k 13 + (3k 23 k u ) 

(25) e 2 (g e 3 (g e 2 (-(3k 13 k 32 + [5k 33 ki 2 + fc 2 i& 22 - A: 2 2^i2 - ftk 21 k 33 + f3k 23 k 31 ) 

(26) e 3 (g e 2 (g e 3 (ki 2 k 23 - k 22 k 13 - (3k 3l k 33 + (3k 33 k 13 + £31^22 - k 32 k 2l ) 

(27) e 3 (g ei <g e 3 (-A; 21 A; 1 3 + fciifc 23 + oik 32 k 33 - ak 33 k 23 + £31^12 - ^32^11). 
Let fcn = x, k 22 = y, k 33 = z, k 12 = p, k 21 = q, k 13 = s, k 31 = t, k 23 = u, k 32 = v. 
It follows from (l)-(27) that 

(28) apt = aqs 

(29) (3qv = f3pu 

(30) tu = vs 

(31) ayz — [3xz + xy — auv + (3s 2 — pq = 0. 

(32) j3zx — yx + ayz — + q 2 — auv = 

(33) xy — azy + (3zx — pq + cw 2 — fist = 

(34) —azy + xy — /9xz + ara — jo 2 + /3st = 

(35) — xy + (3xz — ayz + pq — fit 2 + auv = 
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(36) —f3xz + ayz — yx + fist — au 2 + pq = 

(37) a(—ty + qv + pv — sy) = 

(38) a(— uq + yt + ys — -up) = 

(39) a(gz — tu + pz — su) = 

(40) a(vt — zq + vs — zp) = 

(41) /3(—pt + vx + ux — qt) = 

(42) xv + sp — xu + sq) = 

(43) /?(vs — + -us — qz) = 

(44) (3(-tv + zp + zq-tu) = 

(45) sg — -ux + — v x = 

(46) —up + sy — vp + ty = 

(47) qu — ys + qv — yt = 

(48) — ps + — pt + xi> = 0. 

(49) aut — azq — px + xq + apz — «st> = 

(50) — av q + ayt — (3xt + /3sx — asy + apu = 

(51) j3tp — [3xv + ayv — any — (3qs + (3ux = 

(52) — f3sv + /9zp + qy — yp — f3qz + (3ut = 

(53) pu — ys — (3tz + /9zs + ty — v q = 

(54) — qs + xu + avz — azu + tp — vx = 

It is clear that r is the solution of CYBE iff relations (28)-(54) hold. 

(I) By computation, we have that if r is a, /9-symmetric then relations (28)-(54) hold 
and so r is a solution of CYBE. 

Conversely, if r is a solution of CYBE, then, by computation, we have 

(55) q 2 =p 2 (by (34)+ (32)); 

(56) u 2 = v 2 ( by (33)+ (36)); 

(57) t 2 = s 2 ( by (31)+ (35) ); 

Consequently, p = q, s = t and u = v since char k = 2. 
By relation (31), we have that 

ayz + (3xz + xy + (3s 2 + au 2 + p 2 = 0. 

Thus r is a, /9-symmetric. 

(II) It is clear that if r is strongly symmetric then r is a, /9-symmetric. Consequently, 
r is a solution of CYBE by part (I). □ 

In particular, Proposition 2.2 implies: 

Example 2.3 Let 

sl(2) := {x | x is a 2 x 2 matrix with trace zero over k} 
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and 

e, = (t o)' £2= (o i)' e3= (i i)' 

Thus L is a Lie algebra (defined by [x,y] = xy — yx) with a basis {ei,e 2 ,e 3 }. It is clear 
that 

[ei, e 2 ] = e 3 , [e 2 , e 3 ] = Oei, [e 3 , e x ] = 0e 2 . 
Consequently, r is a solution of CYBE iff r is 0,0- symmetric to the basis {ei,e 2 ,e 3 }. 

Proposition 2.4 L be a Lie algebra with a basis {e±, e 2 , e 3 } snc/i t/ierf [ei, e 2 ] = 0, [ei, e 3 ] = 
ei + /3e 2 , [e 2 , e 3 ] = £e 2 , where j3,S E k. Let p, q, s, t, u, v, x,y, z e fc. 
(7^) 7/r zs strongly symmetric, then r is a solution of CYBE. 

(II) If [3 = 0, 5 ^ 0, toen rwa solution of CYBE in L iff 

r = p(e 1 <S> e 2 ) + g(e 2 <g e x ) + s(ei <g e 3 ) + s(e 3 (g ei) + u(e 2 <8> e 3 ) + «(e 3 ® e 2 ) + x(ei ® 
ei) + y(e 2 (g e 2 ) + z(e 3 ® e 3 ) 

where (5 + l)zp = (S + l)qz = (5+ l)us, (5+ \)uq = (5 + l)up and (5 + \)ps = (5 + l)qs 

(III) If (5 ^ 0, 8 — I, then r is a solution of CYBE in L iff r 

r = p(e l (g e 2 ) + q(e 2 <g ei) + s(e 1 (g e 3 ) + s(e 3 (g ei) + w(e 2 <g e 3 ) + u(e 3 <g e 2 ) + x(ei (g 
ei) + y{e 2 <g e 2 ) + -z(e 3 <g e 3 ) 

wift = S g ; -up = = zp and s 2 = xz. 

(IV) If (3 = 5 = 0, then r is a solution of CYBE in L iff 

r = p(e l (g e 2 ) + g(e 2 <g ei) + s(e 1 <g e 3 ) + s(e 3 <g ei) + -u(e 2 <g e 3 ) + i;(e 3 (g e 2 ) + x(e l <g 
ei) + ?/(e 2 ® e 2 ) + z(e 3 <g> e 3 ) 

wii/i f s = pz, us = qz, qv = pu and {u + v)x — {p + 

Proof. Let r = Yl\j=\kij{^i ® &j) £ L L and &y G fc, with z,j = 1,2,3. By 
computation, for all i,j,n= 1, 2, 3, we have that the coefficient of Cj (g C{ (g in [r 12 , r 13 ] 
is zero and (g <g in [r 13 , r 23 ] is zero. 

We now see the coefficient of (g (g e n 

in [ r 12 )r 13 ] + [ r 12 ,r 23 ] + [r 13 ,r 23 ]. 

(1) ei <g) ei <g) ei(-fci 3 fcii + fcnfc 3 i); 

(2) e 2 <g e 2 <g e 2 (-/3k 23 ku + f5k 2 \k 32 - 8k 23 k 22 + 5k 22 k 32 ); 

(3) e 3 ®e 3 ®e 3 (0); 

(4) ei (g) e 2 (g) e 3 (-/c 32 A;i 3 + A;i 2 A; 33 - (3k 13 k 13 + (3k u k 33 - 8k 13 k 23 + 8k 12 k 33 ); 

(5) e 2 (g> e 3 (g> ei(-/3A; 33 A;ii + (3k 13 k 3l - 5k 33 k 2 i + Sk 23 k 31 - k 23 k 3 i + k 2l k 33 ); 

(6) e 3 (g ei (g e 2 (~k 33 ki 2 + A; 3i A; 32 - (3k 33 k n + (3k 31 k 13 - 8k 33 k 12 + 5k 32 k 13 ); 

(7) ei (g e 3 <g e 2 (-/c 33 A;i 2 + A;i 3 A; 32 - (3k 13 k 32 + (3k u k 33 - 5k i3 k 32 + Sk 12 k 33 ); 

(8) e 3 (g e 2 (g ei(-/3fc 33 A;ii + (3k 3l k 31 - 5k 33 k 21 + <5fc 32 fc 3 i - ^33^21 + k 31 k 23 ); 

(9) e 2 (g ei (g e 3 (-/% 3 i£;i 3 + (3k u k 33 - 5k 3l k 23 + 5k 2l k 33 - k 23 k l3 + k 21 k 33 ); 

(10) ei <g ei (g e 2 (-k 31 k 12 + k u k 32 - A;i 3 A;i 2 + k n k 32 ); 
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(11 

(12 
(13 
(14 
Sk 22 k 31 
(15 

5k 12 k 23 
(16 

Sk 22 k 33 
(17 

Sk 32 k 23 
(18 
(19 
(20 
(21 
(22 
(23 
(24 

Pk 21 k 13 
(25 

Sk 22 k 33 
(26 
(27 
Let 
It 
(28 
(29 
(30 
(31 
(32 
(33 
(34 
(35 
(36 
(37 
(38 
(39 
(40 



e 2 <g> ei <g> ei(-fc 23 A;ii + fc 2 i^3i - ^23^11 + k 21 k 13 ); 
e 1 <g> ei <g> e 3 (-A;3 1 A:i3 + fen £33 - &13/C13 + k u k 33 ); 
e 3 <g> ex <g> e^-^/cn + fc 3 ifc 3 i - fc 33 fcn + k 31 k 13 ); 

e 2 <S> e 2 ® ei(-/3k 32 ku + (3k l2 k 31 - Sk 32 k 2l + 5k 22 k 3 i - fik 23 k u + (3k 21 k 3 i - Sk 23 k 21 + 

ei®e 2 ® e 2 (-/3k 13 k 12 + fik u k 32 - 5k l3 k 22 + Sk X2 k 32 - fik X3 k 2X + fik u k 23 - 5k l3 k 22 + 

e 2 ® e 2 <8> e 3 (-fik 32 k l3 + fik X2 k 33 - Sk 32 k 23 + 5k 22 k 33 - fik 23 k X3 + (3k 2 ik 33 - Sk 23 k 23 + 

e 3 ® e 2 <8> e 2 (-fik 33 k 12 + fik 31 k 32 - 5k 33 k 22 + 5/c 32 A:32 - fik 33 k 21 + fik 31 k 23 - 5k 33 k 22 + 

e 3 <g> e 3 ® ei(0); 
ei ® e 3 ® e 3 (0); 
e 3 <g> e 3 <g> e 2 (0); 
e 2 ® e 3 <g> e 3 (0); 

ei ® e 3 ® ei(-fc 33 fcn + ^13^31 - ^13^31 + k u k 33 ) = e 1 ® e 3 <g> ei(0); 
ei ® e 2 ® ei (- A; 3 2 k u + k 12 k 31 - [3k 13 ku + fik n k 3l - Sk l3 k 21 + Sk l2 k 3l - k 13 k 21 + kuk 23 ); 
e 2 <g> e 1 <S> e 2 (-[3k 3 ik 12 + fikuk 32 - Sk 31 k 22 + Sk 21 k 32 - k 23 k 12 + k 21 k 32 - fik 23 ku + 
- Sk 23 k 12 + Sk 22 k 13 ); 

e 2 <S> e 3 <S> e 2 (-fik 33 k 12 + fik i3 k 32 - Sk 33 k 22 + Sk 23 k 32 - fik 23 k 31 + fik 21 k 33 + Sk 33 k 22 - 



e 3 <g> e 2 <S> e 3 (-[5k 33 ki 3 + fik 3 ik 33 - Sk 33 k 23 + Sk 32 k 33 ); 
e 3 <S> ei <g) e 3 (-k 33 k 13 + k 31 k 33 ); 

ku = x, k 22 = y, k 33 = z, k 12 = p, k 21 = q, k 13 = s, k 31 = t, k 23 = u, k 32 = v. 
follows from (l)-(27) that 
-sx + xt = 0; 

-fiup + fiqv — Suy + Syv = 0; 
-vs + pz — fis 2 + fixz — Ssu + Szp = 0; 
-f3xz + fist — Szq + Sut — ut + qz = 0; 
-zp + tv — (3zx + fits — Szp + 5vs = 0; 
-zp + sv — fist + fixz — 5sv + Szp = 0; 
-fizx + fitt — Szq + Svt — zq + tu = 0; 
-fist + fixz — Stu + Sqz — us + qz = 0; 
-tp + xv — sp + vx = 0; 
-ux + qt — ux + qs = 0; 
-st + xz — s 2 + xz = 0; 
-zx + tt — zx + st = 0; 

-fivx + — Svq + Syt — fiux + fiqt — cVug + Syt = 0; 
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(41) — (3sp + f3xv — 5sy + 5pv — (3sq + (3xu — Ssy + 5pu = 0; 

(42) — (3vs + (3pz — 5vu + 5yz — (3su + (3zq — 5u 2 + 5yz = 0; 

(43) — /3zp + f3tv — Szy + Svv — j3zq + (3tu — 5zy + 5vu = 0; 

(44) — vx + pt — f3sx + f3xt — 5sq + 5pt — sq + xu = 0; 

(45) — (3pt + f3vx — Sty + Sqv — up + qv — (3ux + (3qs — Sup + Sys = 0; 

(46) -pzp + (3sv - put + (3qz = 0; 

(47) -pzs + (3tz - Szu + Svz = 0; 

(48) -zs + tz = 0; 

It is clear that r is a solution of CYBE iff (28)- (48) hold. 
By computation we have that 

(49) t = s (by (39) + (38) ) 

(50) Su = Sv (by (42) + (43) ). 

(I) It is trivial. 

(II) Let (3 — and S ^ 0. If r is the case in part (II), then r is a solution of CYBE by 
straightforward verification. Conversely, if r is a solution of CYBE, then u — v by (50) 
and we have that 

(1 + S)zp = (1 + S)us by (30) 
(1 + S)zq = (1 + S)us by (31) 
(1 + S)sp = (1 + S)qs by (44) 
(1 + 5)qu = (1 + 5)up by (45) 

Thus r is the case in part (II). 

(III) Let (3 7^ 0, 8 — 1. If r is the case in part (III) then r is a solution of CYBE by 
straightforward verification. Conversely, if r is a solution of CYBE then u = v by (50) 
and we have that 



up = 


qu 


by (29) 


s 2 = 


xz 


by (30) 


sp = 


qs 


by (40) 


zp = 


zq 


by (46) 



Thus r is the case in part (III). 

(IV) Let P — 5 — 0. It is clear that the system of equations (28)-(48) is equivalent to 
the below 

us = qz 
vs = zp 
up = qv 

(p + q) s = (u + v)x 

Thus we complete the proof. □ 
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Corollary 2.5 Let L is a Lie algebra with dim L < 3 and r e L <8> L. If r is strongly 
symmetric, then r is a solution of CYBE in L. 

Proof . If A; is algebraically closed, then r is a solution of CYBE by Proposition 2.2, 
2.4 and 2.1. If & is not algebraically closed, let P be algebraically closure of k. We can 
construct a Lie algebra L P = P <g> L over P, as in [3, section 8]. Set * : L — > L P by 
sending x to 1 <g) x. It is clear that L P is a Lie algebra over F and W is homomorphic with 
ker^f = over k. Let 

f = (Vp ® *)(r). 

Obviously, f is strongly symmetric. Therefore f is a solution of CYBE in Lp and so is r 
in L. □ 



3 Coboundary Lie bialgebras 

In this section, using the general solution, which are obtaied in the section above, of CYBE 
in Lie algebra L with dim L < 3, we give the the sufficient and necessary conditions which 
(L, [ ], A r ,r) is a coboundary (or triangular ) Lie bialgebra over field k of characteristic 
2. Throughtout this section, the characteristic of field A; is 2. 

We now observe the connection between solutions of CYBE and triangular Lie bial- 
gebra structures. 

Lemma 3.1 If r E Im(l — r) then 

x . C{r) = (1 + £ + £ 2 )(1 <g> A)A(x) 

/or any x E L 

Proof: Let r = J2i(0"i — »i <£> «i) 
We see that 

c ( r ) = XXK' a »] ® h k ® h - [a k ,bi] <g> b k ® a, - [6 fc ,Oj] <g) a fc ® 6j 

i,k 

+ [6 fc , 6,] ® a k ® a,i + o fc <g> [6 fc , a,] ® 6j - a k <g> [6 fc , 6,] <g> a, 
- o fc ® [a k , a,j\ ®bi-b k (& [a k , a,-\ <g> + o fc <g> [a k , bi] <g> a» 
+ a k <g> Oi <g> [6 fe , 6j] - a k <S>bi<S> [b k , a*] - b k ® a» ® [a fc , 6j] 
+ 6 fe (g) 6j (g) [a fe ,aj]) 

and 
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(1® A)A(x) 

= ^2([x, a k ] <S> [b k , ai] <S>h+ [x, a k ] <g a { <g [b k , b { ] - [x, a k ] <g> [b k , bi] (g a { 

i,k 

- [x, a k ] <S>bi<S> [b k , ai] - [x, b k ] (g [a k , a^ (g b t - [x, b k \ ®a,i® [a k , k] 
+ [x, b k ] <S> [a k , bi] (g ^ + [x, b k ] (g &i <g [a k , Oj] + a k <g> [[x, b k ],a,j\ <g b { 
+ a k ®ai® [[x, b k ],bi] - a k ® [[x, &*] <g> a» - a fe <g 6* (g [[x, a,] 

- & fe <g [[x, a fc ], a*] <g 6j - 6 fe (g <g> [[x, a fc ], &*] + b k (g [[x, a fc ], h] <g a* 
+ 6 fe <g bi <S> [[x, a fe ],aj]) 

It is easy to check that the sum of the terms whose third factor includes element x in 
(1 + £ + £ 2 )(1 + A)A(x) is equal to 

^2{[b k , ai] <g> bi (g [x, a k ] + a { <g [b k , k] (g [x, a k ] - [b k , k] (g <g> [x, a fe ] 

- bi (g) [6 fc , ai] <g> [x, a fc ] - [a fc , ai] (g 6* (g [x, 6 fc ] - a { ® [a k , b { ] <g> [x, 6 fc ] 
+ [a fc , 6j] <g a, (g [x, 6 fc ] + 6j (g [a fc , a*] <g> [x, 6 fc ] 

+ <S> a k (g [[x, aj] - o fe <g> ai ® [[x, a fc ], 6,]) 

+ (a fc (g ai (g [[x, 6 fc ], 6i] - a^ (g a fc (g [[x, 6,]) 

+ (-a fc ® &i (g [[x, b fe ], a^ + ai <g> 6 fc ® [[x, a k ],bi]) 

+ (-6, <g & fc <g [[x, a k ],ai] + b k <g 6, <g [[x, a fe ], a,])} 

= (1 (g 1 (g L x )C(r) by Jacobi identity 

where L x denotes the adjoint action L x {y) = [x,y] of L on L. 
Consequently 

(1 + £ + e 2 )(l ® A)A(x) = (L x <g> L x ® L,)C(r) = x • C(r) 

for any x £ L. □ 

By Lemma 3.1 and [5, Proposition 2.11 ], we have: 

Theorem 3.2 (L, [ ], A r ,r) is a triangular Lie bialgebra iff r is a solution of CYBE 
in L and r G im(l — r) 

Consequently we can easily get a triangular Lie bialgebra structure by means of a 
solution of CYBE. 

Theorem 3.3 Let L be a Lie algebra with a basis {ei, e2,es} such that [ei,e 2 ] = 
63, [e2, 63] = aei, [e 3 , ei] = /3e2 ; where a, [3 & k. Then 
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(I) (L, [ ], A r ,r) is a coboundary Lie bialgebra iff r G Im(l — r) ; 

(II) (L, [ ], A r ,r) «s a triangular Lie bialgebra iff r G im(l — r) and r is a,/?- s?/m- 
metric to the basis of {e 1 , e 2 , e 3 } 

Proof. (I) Obviously, r G Im(l — r) when (L, [ ], A r , r) is a coboundary Lie bialgebra. 
Conversely, if r G im(l — r), let r = p(e± ® e 2 ) — p(e 2 ® ei) + s(d <g> e 3 ) — s(e 3 <g> d) + 
■u(e 2 ® e 3 ) — u(e 3 <g> e 2 ). It is sufficient to show that 

(l+£ + a(l®A)A(e*) = 

for i = 1,2,3 by [5, Proposition 2.11]. First, by computation, we have that 

(I® A)A(ei) 

= {(ei <g> e 2 <S> e 3 )((3ps - ftps) + (e 3 <g> ei ® e 2 )(f3ps) + (e 2 ® e 3 ® ei)(-/?sp)} 
+ {(ei <g> e 3 <g> e 2 )(-Pps + (3ps) + (e 3 <g> e 2 <g> ei)(-/?ps) + (e 2 <g> d <g> e 3 )(/3sp)} 
+ {(ei <g> ei <g> e 2 )(a/3su) + (ei <g> e 2 <g> d)(-/fasu) + (e 2 <g> d <g> ei)(0)} 
+ {(ei (g) ei ® e 3 )(— apu) + (d ® e 3 <g> d)(apu) + (e 3 ® d (g) ei)(0)} 
+ {(e 2 <g> ei <g> e 2 )(-/?V) + (d <g> e 2 <g> e 2 )(0) + (e 2 <g> e 2 <g> d)(/?V)} 
+ {(e 3 <g> e 3 <g> d)(p 2 ) + (e 3 <g> d <g> e 3 )(-p 2 ) + (d <g> e 3 <g> e 3 )(0)} 

Thus 

(1 + ^ + ^(1® A)A(d) =0 

Similarly, we have that 

(l + £ + £ 2 )(l®A)A(e 2 )=0 

(l + £ + £ 2 )(l<g>A)A(e 3 )=0 

Thus (L, [ ], A r , r) is a coboundary Lie bialgebra. 

(II) It follows from Theorem 3.2 and Proposition 2.2 □ 

Example 3.4 Under Example 2.3, we have the following: 
(i) (sl(2), [ ], A r ,r) is a coboundary Lie bialgebra iff r G im(l — r) ; 
fnj (si (2), [ ], A r ,r) is a triangular Lie bialgebra iff r is 0,0- symmetric to the basis 
of{ei, e 2 , e 3 } i/f r = s(d ® e 3 ) + s(e 3 ® ei) + w(e 2 <g> e 3 ) + w(e 3 <g> e 2 ). 

Theorem 3.5 Lei L be a Lie algebra with a basis {d,e 2 ,e 3 } such that 

[ei, e 2 ] = 0, [d, e 3 ] = d + /5e 2 , [e 2 , e 3 ] = Se 2 , 

where 5, {3 G k and 6 = 1 when (3^0. Let p,s,u G k and r = p(e\ ® e 2 ) — p(e 2 <S> d) + 
s(d <S> e 3 ) - s(e 3 ® ei) + -u(e 2 <g> e 3 ) - -u(e 3 ® e 2 ). T/ien 
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(I) (L, [ ], A r ,r) is a coboundary Lie bialgebra iff r e im(l — r) and 

(5 + l)(((J + l)u + /3s)s = 0; 
(L, [ ], A r ,r) zs a triangular Lie bialgebra iff r G (1 — r) and 

/5s + (1 + o>s = 0. 
Proof . (I) We get by computation 
(1® A)A(ei) 

= {(ei (g ei <g e 2 )(/3o~ss — 5us) + (ei <g e 2 <g ei)(— /35ss + 5us) + (e 2 <8> ei <g ei)(0)} 
+ {(e 2 (g e 2 (g ei)(— /3ns + uu + /3 2 s 2 — /3sn) 
+ (e 2 (g ei <g e 2 )((3us - uu + f3us - f3 2 s 2 ) + (ei <g e 2 (g e 2 )(0)} 
(I® A)A(e 2 ) 

= {(ei <g ei <g e 2 )(5 2 ss) + (e x <g> e 2 (g ei)(-<5 2 s 2 ) + (e 2 (g d <g> ei)(0)} 
+ {(e 2 <g e 2 (g) e 1 )(8f3ss - 5su) + (e 2 (g ei (g) e 2 )(osn - 5f3ss) + (ei <g e 2 <g> e 2 )(0)} 
(lg)A)A(e 3 ) 

= {(ei (g e 2 (g e 3 )(o~sn + /?ss) + (e 2 (g e 3 (g ei)(— ons — /3ss) 
+ (e 3 (g ei (g e 2 )(o~<5ns + /3<5ss + /3ss — sn)} 

+ {(ei <g e 3 (g e 2 )(— o~sn — /?ss) + (e 3 (g e 2 (g ei)(— /3oss — S5us — /9ss + sn) 

+ (e 2 (g ei (g e 3 )(o"ns + /3ss)} 

+ {(ei (g e± (g e 2 )(— 5sp — Mps + sp + <5sp) 

+ (ei <g e 2 (g ei)(o"ps + S5ps — 5sp — sp) + (e 2 (g ei (g ei)(0)} 

+ {(ei (g ei (g e 3 )(ss) + (d <g e 3 (g ei)(-ss) + (e 3 (g ei (g ei)(0)} 

+ {(e 2 (g e 2 (g ei)(—/3ps + pu — 5(3sp — 55up — 5f3ps + Spu — f3sp — 5up) 

+ (e 2 (g ei (g e 2 )(/3ps — pn + <5/3sp + Mnp + o~/3ps — opn + /3sp + Sup)) 

- (ei (g e 2 (g e 2 )(0)} 

+ {(e 2 (g e 2 (g e 3 )(<Wnn + <5/3ns + /35ns + f3(3ss) 

+ (e 2 (g e 3 (g e 2 )(— Mnn — o~/3ns — (55us — (3f3ss) + (e 3 (g e 2 (g e 2 )(0)} 

Consequently, 

(l + £ + £ 2 )(l®A)A(ei)=0 
(l+e + e 2 )(l®A)A(e 2 )=0 

and 

(l + £ + £ 2 )(l<gA)A(e 3 )=0 
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iff 

5 2 us + 513s 2 + 13s 2 -us = Q. 
This implies that (L, [ ], A r , r) is a coboundary Lie bialgebra iff r G im(l — r) and 

(<y + i)((<y + i)M + /3s)s = o 

(II) It follows from Theorem 3.2 and Proposition 2.4 □ 

Theorem 3.6 If L is a Lie algebra with dimL = 2 and r G L®L, then (L, [ ], A r , r) is 
a triangular Lie bialgebra iff (L, [ ], A r , r) is a coboundary Lie bialgebra iff ' r G Im(l — r) 

Proof. It is an immediate consequence of the main result of [5]. □ 
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